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QUESTION 1. (i) Let A be a maximal ideal of a commutative ring R. We know that M [z] is a proper ideal of R/ )
Prove that R[z]/M]z] is never a field.
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(ii) We know that every prime element of an integral domaip is irreducible. Let R be a commutative ring with exactly
one maximal ideal (note that R needs not be an integral domain). Prove that every prime element is irreducible.
(Hint: you may need to use the fact that | + a € U(R) for every a € J(R))
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(iii) Show that f(z) = 22* + 5z + 4 € Zyyz] is not a zero-divisor of Zioz].
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(iv) Assume that [,.J are proper ideals of a commutative ring . We know that IJ C Fn J. Assume that I, J are
coprime (i.e., thereisani € fand thereisa j € Jsuchthati + j = 1),

a. Showthat InJ=1J
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b. Prove that I™, ™ are coprime for every positive integers n,m, where | < n £ m. [Hint: Remember the
definition of 7*... and stare at the expansion of (i + 7)*, also we KNOW that if a < b (positive integers), then
Ib g %)
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(v) How many polynomials of degree 4 that are units in Zy[z]? a X+ ?3 ya -f-az_ 2 Tt a-l??_ -+ 4
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(vi}) Letn,m € ; be positive mlegers >1 sucl'l lhat gctﬁn m)=1.Let0 < a < nand 0 < b < m. Prove that there is r/I
a positive integer w € Z suchthat 0 S w < nm, n | (w —a), and m | (w b) (Hint: Note that nZ, mZ are coprime
ideals of Z such that nZ NmZ = nmZ and use a theorem that we discussed in class}. It should be a very short

proof.
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(vii) Let f(z,y) = (z + 2)y® +2°%* + 723y + 10z € Z[z,y]. Prove that f(z,y) is irreducible over Z[x]. (Hint: Let
A = Z[z]. Then Z[x, y] = Aly]. Hence we may view f(z,y) as K (y) a polynomial in terms of y with coefficients
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(viii) Give me an example of an integral domain with ex ct]y 3 maximal ideal. Briefly state lhc steps that are used in
order to construct such mlegral domain
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(ix) Let P be a prime ideal of a commutative ring R and f, J be proper ideals of gid such IJ C P.Provethat f C Por
J © P.(Hint: use contradiction). It should be short pr proof
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(x) Is R C C a Galois ficld extension? Find [C : R]. The Golois group Gal(C/R) |§ isomorphic to what group?
Convince me that every irreducible polynomial over R is either of degree 1 or 2. (Hint: Let f(x) be an irreducible
polynomial of degree n over R, let E be the splitting ficld of f(z). Then R C E C C. Use class notes [F} : F|] =

[F3 : B][F2 : Fy]). Now Prove the well-known fact: Every polynomial of odd degree over R must have at Jeast one
real root (note R[z] is a UFDY) .
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QUESTION 2. (i) Let F = GF(3%) and let m be the number of all monic irreducible polynomials of degree 3 over F
{ not over Z3). Find the value of m
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(ii) Let F = Zs and let m be the number of all monic irreducible polynomials of degree 4 over F. Find the value of m
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(iii) Let F = GF(2"). The the Galois group Gal(F/Z,) is isomorphic to what group? Find all subficlds of F.
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